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1. Introduction 

Let = 1,2,.... In this article, (., .) denotes the natural inner 
product in M". For x G M" one writes = {x,x), \x\ = {x,x)^. If 



M is a real matrix, we shall denote M* its transpose. Mjk denotes 
the matrix entry located in row j and column k. In is the identity 
n X n matrix. Mj^ can be a matrix. For example, M can have 
the four blocks Mn, M12, M21, M22. In a case like this one, if 
M12 = M21 = 0, we write M = diag (Mn, M22). 

1.1. The symplectic group and the polar representation 
theorem. 

Consider the time- dependent linear Hamiltonian system 

(1.1) Q = BQ + CP, P = -AQ - B*P, 

where A, B and C are time-dependent n x n matrices. A and C 
are symmetric. The dot means time derivative, the derivative with 
respect to r. The time variable r belongs to an interval. Without 
loss of generality we shall assume that this interval is [0, T[, T > 0. 
T can be 00. In the following t, < t < T, is also a time variable 
and r G [0,t]. 

If {Qi,Pi) and {Q2,P2) are solutions of (II. ip one denotes the 
Wronskian (which is constant) by 

W{Qu Pi; Q2, P2) = W = P*Q2 - QIP2. 

A solution (Q, P) of ([H]) is called isotropic if W{Q, P; Q, P) = 
0. From now on (Qi,Pi) and ((52,^2) will denote two isotropic 
solutions of (II. ip such that W{Qi, Pi;Q2, P2) = In- This means 
that 

P1Q2 — Q1P2 = In 1 PlQl = Ql-Pl 7 P2Q'2 = ^2-^2- 

These relations express precisely that, for each r G [0,T[ the 
2n X 2n matrix 

(1.2) $ = [^pI % 
is symplectic. Its left inverse and, therefore, its inverse, is given by 

_-p; q; 

As it is well-known the 2n x 2n symplectic matrices form a 
group, the symplectic group. 
Then, one has 

P1Q2 ~ P2QI = Ini Q1Q2 = Q2Q1, P1P2 = P2P1) 
and, therefore, 

Q2-P1 — P2Q1 — Q2P1 — Q1P2 = -^n. 



and the following matrices, whenever they make sense, are symmet- 
ric 

P2Q2 J QiPi ; Q2P2 ) PiQi ! 

Q2^Qi, -P2 Qi^Q2, Pi^P2- 

Denote by J, S and M, the following 2n x 2n matrices 

A B*' 
B C\ ' 

and M = —JS. J is symplectic and S is symmetric. 

One says that the 2n x 2n matrix L is antisymplectic if LJL* = 
— J. Notice that the product of two antisymplectic matrices is 
symplectic, and that the product of an antisymplectic matrix by a 
symplectic one is antisymplectic. We shall use this definition later. 

Notice that if n = 1 and L is a 2 x 2 matrix, then one has 
LJL* = (det L) J. 

Equation (II. ip can then be written 

$ = M$. 

Notice that, if $ is symplectic, $* is symplectic, and 

= -J^*J, <I>V$ = J, $7$* = J. 

When we have a function r 1 — > $ (r), <i>J$* + $J$* = 0. 
Hence, $J$* is symmetric and one can recover M: 

M = $$"1 = -<i>j$*j. 

This means that from $ one can obtain A, B, and C: 
A = P,P;-P2P^, C = Q^Ql-Q2Ql, 
B = -Q^P; + Q2P1 = QiP; - Q2PI 

The proof of the following theorem on a polar representation 
can be found in [3j. See also [1], |5]. 

Theorem 1.1. Assume that C (r) is always > (or always 
< 0) and of class C^. Consider two isotropic solutions of (11. ip . 
{Qi,Pi) and ((52,-^2), such that W = In- Then, there are 
matrix-valued functions r(r), ^p{t), for r G [0,T[, such that: a) 
det r (r) 7^ and ip (r) is symmetric for every r; b) the eigenvalues 
of if are functions ofr, with strictly positive (negative) deriva- 
tives; c) one has 

Q2 (t) = r (r) cos Lp (r) and Qi (r) = r (r) sin Lp (r) . 



J 



S 



Notice that 9? is not unique and that 

(1.3) = Q2'CQr\ 
whenever det Q2 (''") 7^ (see [3j). 

Example 1.1. Consider n = 1, B = 0, A = C = 1. Let 

ki,k2 e R. For ^2 > 0, let 

Q2 (t) = k2^^'^ cos r , Qi{t) = A;^^''^ ( fci cos r + ^2 sin r) . 

Then there exists an increasing continuous function of r, ^(/ci, /c2, t) 
= ^(r), r G R, such that 

Q2(r) = r(r) cos^(r), Qi(r) = r(r) sin^(r), 

where r(r) = A;2^^^^a/cos2 r + {ki cost + A;2 sin r)^. The function ^ 
is not unique in the sense that two such functions differ by 2/c7r, 
/c G Z. For r 7^ I + krc, one has 

(1.4) fci + A;2 tanr = tan^(r). 

This formula shows that lim^_^-|-oo 'C(''") = ±c>o. 
For /c2 < 0, one defines, obviously, 

^{ki, k2, t) = -^(-fci, -k2, t). 

When ^2 = 0, ^ is a constant function. For every ^2 G M, 
formula (11. 4p remains valid. 

One can fix ^ by imposing — ^ < 'C(O) < f , as we shall do from 
now on. 

For ^2 > 0, one has (f + kir) = f + ^^r, and for k2 < 0, one 
has C (f + fcvr) = — ^ — fcvr, for every A; G Z. 

If S* is a symmetric n x n matrix, and is an orthogonal matrix 
that diagonahzes S, S = fl diag(si, S2, ■ ■ ■ , Sn)^*, we denote 

^k,, k2, s) = as) = n diag(e(si), e(s2), . . . , asn))n*. 

Define now 

(1.5) C(r) = C(fci, r) = -e(fci, k2, r) + ^. 

Then < C(0) < tt, and 

(ki + A;2tanr)~^ = tanC(r), 

for every r such that ki + k2 tan r 7^ 0. 

For ^2 > 0, one has C (f + = —kn, and for k2 < 0, one has 
C (1 + /ctt) = (/c + l)7r, for every A; G Z. The function is increasing 
for /c2 < 0, decreasing for /c2 > and constant for k2 = 0. 



If 5* is a symmetric n x n matrix, one can define C(^i! ^2, S) as 
we did before for ^. 

We shall need these functions later. 

Theorem 11.11 can be extended in the following way: 

Theorem 1.2. Assume that C (t) is of class . Consider 
two isotropic solutions of (11. ip . (Qi,Pi) and {Q21P2), such that 
W = In- Then, there are matrix-valued functions r(r), v^(t), 
for T G [0, t], such that: a) det r (r) 7^ and if (r) is symmetric for 
every r; h) the eigenvalues of if are functions of t; c) one has 

Q2 (t) = r (r) cos ip (r) and Qi (r) = r (r) sin ip (r) . 

Proof. Let us first notice that Q2Q2 + QiQi > 0. This is 
proved noticing that, as P1Q2 — P2Q1 = fn, one has (P^* x, Q2X) — 
{P2X,Qlx) = \xf, which implies that kerQ^nkerQg = {0}- Hence, 
{Q2X, Qlx) + {Q\x, Q\x) > 0, for every x 0. 

Define now 

cos (kr) In sin (kr) In 
— sin (kr) In cos (kr) In ' 

M as before, $1 = $\E' and Mi = ^i^^^. The constant /c is > 0. 
Then, one has 

Ml = M + 

Let the n x n matrices, that are associated with Mi, be Ai, Bi 
and Ci. Then 

Ci = C + k {Q2QI + QiQl) . 

Hence, as Q2Q2 + QiQi > 0, for k large enough, we have that 
Ci (r) > 0, for every r G [0,t]. We can then apply Theorem 11.11 
There are matrix- valued functions ri (r), ipi (r), for r G [0,t], 
such that 

cos (A;r) Q2 (r) - sin (A;r) Qi (r) = ri (r) cos (fi (r) 
sin (A;r) Q2 (r) + cos (/cr) Qi (r) = ri (r) sin (pi (r) . 

From this, we have 

Q2 {r) = ri (r) cos ((^i (r) - fcr/„) 
<5i (t) = ri (r) sin (r) - A;r/„) . 



Q2 Qi 
P2 Pi 



□ 



The generic differential equations for r and are easily derived 
from equations (15), (17) and (18) in j3|. 

Consider (rg, s), with s symmetric, such that 

ro = Bro + Cr^^^s, s = sr^^Cr^'^s + r^^CrQ^^ - r^Aro. 

Then r is of the form r = TqQ, where Q is any orthogonal, = 
fl*, and time-dependent matrix. From this one can derive a 
differential equation for rr*. 

The function (f verifies the equations 

(1.6) cosC^-/ ^^_^,^^ ^jll^^ = r-'Cr*-\ 

where = [ip, ip] = ipip - ipip, {C^f Lp = C^Lp = [ip, 0]], and so 
on. 

As in Theorem II. H ip is not unique. Notice that r (r) = ri (r) 
and ip (r) = (pi (r) — krln, with k large enough and (fi such that its 
eigenvalues are functions of r, with strictly positive derivatives. 

Remark 1.1. If one considers $* instead of $, then Q2 is 
replaced by Q2 and Qi is replaced by Pj*. Then Theorem 11.21 gives 

Q2 (''") = ''^ (''") cos ip (r) and P2* (''") = ''^ (''") sin (t) , 

or 

Q2 (t) = cos ip (r) r* (r) and P2 (t) = sin ip (r) r* (r) . 

In this case the matrix ip (r) is a generalization of the so-called 
Priifer angle [Tj. 

Denote {Qc,Pc), iQs,Ps) the (isotropic) solutions of ( II. ip such 
that 

(0) = p, (0) = /„, g,(o) = p,(o) = o. 

From now on we shall denote by $0 the symplectic matrix 



$0 

Then $0 = Af$o and $0 (0) = hn 



Qc Qs 

Pr P. 



1.2. The Sturm-Liouville problem. 

Let t G [0,T[ and A G C M. The interval can be as 

general as possible. In this article, t is the "time" variable and A is 
the "eigenvalue" variable. 



Consider Aq, Bq and Co time and eigenvalue dependent n x n 
matrices. As in (11. ip Ao and Co are symmetric. Define also Mq, 5*0 
and $0 (here, $o = ^o^o) as before. 

From now on we shall use the notations Aq = Aq (r) = Aq (r, A), 
and the same for the other matrices. 

Consider also aj, f3j, 7j and 6j, j = 0, 1, eight eigenvalue depen- 
dent n X n matrices, and the problem of finding a A and a solution 



{q,p) e 



■ (q A) , p (r. A)) = (g (r) , p (r)) = (g, p) , 
r, for r G [0,t],X e of the system 



q = Boq + CoP, 
with the "boundary" conditions 



p 



-AqQ - B*p, 



/3o ^0 




■-g(O)" 


+ 


-ao 7o 




p(0)" 








7i_ 




_p{t)_ 



or, equivalently. 



Denote 



/3o ao 




g (0)" 




^0 7o 




'q it) 


Pi ai_ 




P(0). 




5i 7i_ 




_p{t)_ 



0. 



5„ 



■/3o 
/3i 



5o 
5i 



-ao 7o 
-ai 7i 



In order to preserve the self-adjointness of the problem, one has 
have self 
means that 



to have self-adjoint boundary conditions SgS* = SpS* [2\. This 



ao/3o + SoIq = Poa*Q + 70^0, 
ai/3i + 6ijI = f3ial + -fi6l, 
ao/?!* + '^071 = /3oat + jo^l- 

Remark 1.2. Consider F a eigenvalue dependent symplectic 
matrix. If $ is a symplectic solution of $ = Mo$, then all previous 
formulas involving $, Mq, Sq and Sp remain valid if we replace $ by 
Mo by F-iMoF, 5, by 5, diag(Fn, Fn)+5p diag(-F2i, F21), 
and by 5^ diag(-Fi2, F12) -f- 5p diag(F22, F22). 



As 



p{t) 



$0 (r) 



g (0)" 
p(0) 



one obtains 



(3o ao 
f3i ai 



So 7o 
6i 7i 



q (0) 
piO) 



0. 



In order to have a non trivial solution, (g (0) ,p (0)) 7^ (0, 0), of 
this system we must have 



[1.7) 



det 





'/3o 


"0 




"^0 


7o 


( 




«! 






71 _ 



$0 (t) 



0. 



We shall need now the following lemma. 



Lemma 1.3. Consider a, b, c and d, n x n real matrices, such 
that ah* = ha* and cd* = do*. Let 



N 



a h 
c d 



he* 



0. 



Then det = if and only if det {ad* 

Proof. From 

NJN*J = diag {-ad* + he*, -da* + ch* 



one has (det A^)' 

ily- 



(det {ad* — hc*))^. The lemma follows now eas- 

□ 



In order to apply this lemma to equation (ll.7p we need to assume 
that, from now on, 
(1.8) 

I3,a* + 5,7* - Ws (t) - /3jP: (t) 7* - S,Qc {t) a* - 7,Pc {t) a*, 

for j = 0, 1, is symmetric. 

Condition (11. Sp is equivalent to 

for j = 0, 1, is symmetric. This is true for every symplectic matrix 
$0 if and only if it is true for every matrix $0; even if it is not 
symplectic. Then one can easily prove the following proposition. 

Proposition 1.4. 

[6j 7i]$o[-«J- f3jY + (3ja* + 5j^*, 

forj = 0,1, is symmetric for every symplectic matrix $0; if cLnd only 
if 13 j a* + (5j7* is symmetric and f3jG6* = 0, PjCj* = 0, 6jGa* = 0, 
jjCa* = 0, for j = 0,1, and every antisymmetric matrix G. 



With this assumption, equation (11.71) is equivalent to 
(1.9) det {ad* - be*) = 0, 

where 



a = 


/3o 


- SoQc (t) 




d = 


ai 


- SiQs (t) 


- llPs it) 


b = 


ao 


- SoQs (t) 


- loPs (t) 


c = 


/3i 


-hQc {t) 


-llPcit) 



It is then natural to consider a symplectic matrix $ defined by 

\Q2 Qi 

P2 Pi 



where Q2 = Rq {ad* - be*) i?^, with det Rq ^ 0, det Ri ^ 0. 
Then, formula (II. 9p is equivalent to det = 0. 
Notice that, if $ is of the form 

(1.10) $ = Lo + Li<l>oL2 + L3$*L4, 

then 

(Lo)ii = Ro (/3oat - "o/?!* + (^oTi - lo^l) R*i, 
(-^1)11 = Rq^o, {Li)i2 = Rolo, 
(-^2)11 = -alRl, (-^^2)21 = I^IRI, 
(-^3)11 = RoOio, (-^3)12 = ~Ro(3o, 
{La)u = ^*iPh (^4)21 = llRl- 
As ao/?! + ^07* = /3ott* + 70(^1, one obtains 

(Lo)ii = 2Ro {/3oal - ao/?*) Rl = 2i?o {Soil - lo^l) Rl- 

The main problem here involved is to discover conditions over 
the matrices Lq, Li, L2, L3 and L4, so that $ is symplectic for every 
symplectic matrix $o- More generally, the problem is to discover 
conditions over $, with Q2 = Rq {ad* — be*) Rl, such that $ is 
symplectic for every symplectic matrix $o- These questions can be 
completely solved in dimension one as it is done in the Appendix. 

Let us take a look to simple cases in dimension greater than 
one. 

Assume that Lq = = L4 = and that Li and L2 are both 
symplectic or antisymplectic. Then $ is symplectic for every sym- 
plectic matrix $o- The same happens, mutatis mutandis, when 
Lq = Li = L2 = 0. 



The purpose of this article is to use the polar representation 
theorem in order to obtain results on the Sturm-Liouville problem. 



2. A theorem on two parameters dependent 
symplectic matrices 

In this section we prove a theorem that we shall need later and is 
a good introduction to the method we use in this article. 

As before, let r G [0,t] C [0,T[ and A e C M. Consider 

the function (r, A) $ (r, A), where $ (r, A) is symplectic. 

In the following we shall denote = (■)' the eigenvalue de- 

rivative, the derivative with respect to A. 

We define 

Ml = ^<^-\ Si = -JMi. 

and 

M2 = $'<l>~\ 52 = -JM2. 

Notice that, as $, Mj and Sj are both time and eigenvalue 
dependent, we shall use, as we did already before, the notations 



M, (r) 



Mj (r,A), Sj = Sj 



$ = $(r) = $(r,A), Mj 
Sj (r. A), and so on (j = 1, 2). We also naturally denote 

\Q2 Qi 
P2 Pi 



T 



5, 



A, 



and assume that Ci and C2 are functions. 
Let ei = ±1, €2 = ±1, e = 6162. 

Let To > and x '■ I'^o? ^[ a continuous function, such 

that ex is strictly decreasing and limT-_j,2- ex (t) = c/q > e^-e and 



lim 



r^ro X[T) = I 

Assume that 



(2.1) 
and that 
(2.2) e(A 



det Q2 (r. A) = ^ e (A - X (r)) > 0, 



X (r)) > ^ {eiCi (r. A) > A e2C2 (r. A) > 0} . 



Theorem 2.1. Under Conditions 02. ip and 02. 2p . equation 

det Q2 (r. A) = 0, 

defines implicitly n sets of continuous functions r 1— )■ Ajfe (r), (j' = 
1,2, ... ,n), with the index /c G Z and bounded below. Some of 
these sets, or all, may be empty. In each nonempty set these func- 
tions have a natural order: eXjk (t) < eXj^k+i (t) < iXj^k+2 (t) < 



Let I G and t G [0,T[, and assume that detQ2 {t,l) 7^ 0. 

Denote by fij the cardinal of the set {A; G N : e {Xjk {t) — /) < 0} 
and let /i = ^2^=1 f^j- Then, fi is the number of times, counting the 
multiplicities, that Q2 (r, /) is singular, for t < t. 

Proof. As the proof for e = —1 is similar, suppose that e = 1. 
Define 

V= {(r, A) : r G ]ro, T[ , A G h[,X>x{r)} 
From Theorem II. ![ one has that 

Qi(r, A) = r(r, A) sinv3(r, A), 

Q2{t, A) = r(r, A) cosv9(r, A), 

where r(r, A), ip{T,X), for (r, A) G P, are matrix-valued func- 
tions such that det r(r, A) 7^ and (/^(r, A) is symmetric for ev- 
ery (r, A) and the eigenvalues of ip are functions of r and A. 
Denote (y9i(r, A), . . . , V9„(r, A) such eigenvalues. Then ei0i(r, A), 
. . . , ei(^„(r, A) and e2V5i(T, A), . . . , e2V2„(r, A) are positive continu- 
ous functions, for (r. A) G P. The matrix Q2{t,1), with t < t, 
is singular if, with A = Z, 

(2.3) </.,(r,A) = ^ + A;7r, 

for some j = 1, . . . , n and A; G Z. 

Notice that (pj{T,X) > ipj{0,X), so that the set of possible k 
either is empty or is bounded below. 

Consider the sets Aj^ defined by equation (12. 3p : 

A,fc = |(r. A) G P : (r. A) = | + /ctt} , 

If one of the sets Aj^ is not empty, then, locally, it defines a function 
Xjk (r), and 

because ei/e2 = 1. 

Therefore, Ajt (r) < 0. Hence, the sets Ajk defined by (12. Sp are 
totally ordered: (ri,Ai) >- {t2,X2) if ti > T2 and Ai < A2. Ajk 
has an infimum (tjkjjk)- The case tjk > and Ijk < h can not 
happen from the implicit function theorem. The case tjk = and 
Ijk < h is impossible as formula (12. ip makes clear. Hence, tjk > 
and Ijk = h- 



Hence, A^^ are functions Xjk (r) : ]tjk^T[ M, such that 

d TT 

lim Xjk (r) = h , -^Xjk (r) < , ipj (r, Xjk (r)) = - + fcvr. 
T-s-ijfc ar Z 

We remark that, namely from (12. ip . we have 

Hence, one has that the following three assertions are equivalent: 

a) There is a r < t, such that Xjk (t) = /. 

b) There is a r < t, such that (fj (r, /) = ^ + kn. 

c) Xjk {t) <L 

From this, the theorem follows. □ 

3. Some formulas 

As before, let r G [0,t] C [0,T[ and A G C M. Consider 

the function (r. A) t— ?■ $ (r. A), where $ (r. A) is symplectic. We 
define 

Ml = Si = -JMi. 

Notice that, as $, Mi and are both time and eigenvalue 
dependent, we shall use, as we did already before, the notations 
$ = $(r) = <l'(r,A), Ml = Mi (r) = Mi(r,A), Si = Si{t) = 
Si (r. A), and so on. 

In the following we shall denote = (•)' ^he eigenvalue de- 
rivative, the derivative with respect to A. 

It is now natural to compute $' and <l>'<l>^^ = M2. 

Deriving both members of $ = Mi$ in order to A, one obtains 

(3.1) $' = M(<l> + Mi<l>'. 

We shall use now the variations of parameters method. Write 
$' = (^K, where K is both time and eigenvalue dependent: K = 
K{t,X). 

Let Ko = K (0, X)=K (0). As K (0, A) = (0) $' (0), and 



$ (r) = $ (0) + / Ml (a) $ (a) da, 
Jo 

one has 

$' (r) = ($ (0))' + r (Ml (a) $ (a))' da. 
Jo 

Hence, $' (0) = ($ (0))' and Kq = K (0, A) = (0) ($ (0))'. 
On the other hand, one obtains 

(3.2) ^' = + = Mi^K + = Mi^' + ^k. 



Comparing (13. ip with (13. 2p . one has 

From this one concludes that K = $^^M($. Therefore 

K{t)=Ko+ [ (a) M[ (a) $ (a) da. 
Jo 

From now on we shall use the notations: 

F (r, a) = $ (r) (a) , Fq (r, a) = $0 (r) $0 ^ (a) 
Then 

M2 (r) = <l>'<l>"^ = ^K^-^ 

= $(r)$-^ (0) ($(0))'$-^ (r) 

+ / F (r, a) M( ((j) $ ((j) (r, a) rf(T. 



Notice that, if V is any 2n x 2n eigenvalue dependent matrix, 

[ ((j) FMi (a) $ (a) da = /" (a) \/$ (a) rfa 
Jo Jo 

= [^-^ (a) (a)] 1+ [ (0-) Ml (a) (a) da. 

Jo 

Hence, 

M, (r) = $ (r) ($-1 (0) ($ (0))' + [^-^ (a) V$ (a)];) (r) 

+ / F{T,a)GiF-'{T,a)da, 
Jo 

with 

(3.3) Gi = M[ (a) - VMi (a) + Mi (a) 
or, equivalently, 

M2 (r) = 1/ + $ (r) (0) (($ (0))' - y<l> (0)) <l>"^ (r) + 

+ [ F{T,a)GiF^^ {T,a)da. 
Jo 

Choosing 

(3.4) y = ($(0))'$-i(0), 
one has 

(3.5) M2{t) = V+ [ Fir,a)GiF-'{T,a)da, 

Jo 



with V defined by ([331) and d defined by flSTS]) . 
Equation (13. 5p can be written 

M2(r) = ($(0))'$-^ (0) 



+ / F (r, a) GaF-i (r, a) rfa, 



with 

G2 = $ (0) ($-^ (0) Ml (a) $ (0))' <l>"^ (0) . 
4. First remarkable case 

Let us take 

$ = Li$oL2, 

where 

<i>o = Mo<l>o, Mo = -J5o. 

Li and L2 are both symplectic or both antisymplectic and eigen- 
value dependent: Li = Li (A), L2 = L2 (A). As before, $, $0; Md 
and 5*0 are both time and eigenvalue dependent: $ = $ (r) = 
$ (r, A), $0 = $0 (r) = $0 {r, X), Mo = Mo (r) = Mq (r, A), 5*0 = 
So (r) = 5*0 (r, A) and so on. 

As <i> = Li^oL2 = LiMo^oL2 = LiMqLj^^^, one has 

Ml = LiMoLrS 

-^0 = -^2 ^-^r^ {L1L2)' ■ 

Then 

M2 (r) = Li<l>o (r) (L1L2)' L^-^-f ^ (r) Lf^ 
+ / F (r, a) M( (a) (r, fx) da, 

JQ 

M2{t) = V+ f F (r, a) ^3^-^ (r, a) c/a, 
V^ = (LiL2)'(LiL2)~S 



and 

where 
and 



G3 = M[ (a) - 1/Mi (a) + Mi (d) \/. 
One also has the formula 



(4.1) 



M2 {t) = V+ r L,Fo (r, a) G^F^^ (r, a) L^Ma, 
7o 



where 

Remark 4.1. If {Li)^^ = 0, det((Li)^J ^ and Cq > 
(Co < 0), then Ci = (Li),^ Co (Li);^ > (< 0). 

4.1. Example: the Morse index theorem. 

Let a symmetric n x n matrix. Define Qi = Qs and Q2 = 
Qc + QsN. Then Qi and Q2 are isotropic, W = I. Hence, from 
Theorem II. ![ one has that 

Qi (^) = Qs (r) = r (r) sin Lp (r) , 

(4.2) Q2 (r) = (r) + (r) iV = r (r) cos <^ (r) , 

where r(r), ^^(r), for r G [0,T[, are matrix-valued functions 
such that det r (r) 7^ and ip (r) is symmetric for every r and the 
eigenvalues of ip are functions of r. Denote ipi {t) , . . . , (t) 
such eigenvalues, with ipj (0) = 0. Then 0i (r) , . . . , 0„ (r) are pos- 
itive continuous functions. 

Let t G [0, T[. Assume that Q2 (t) is invertible and that ipj (0) = 
0, j = 1, . . . , n, and define /ij G Z, such that 

-| + /ij7r < (t) < I + /ij7r. 

Define the index /j,: 

n 

(4.3) /i = ^^^.. 

i=i 

Then, /i is the number of times that Q2 (r) is singular, for r G 
[0, t], taking into account the multiplicity of the singularity, i.e. the 
dimension of ker Q2 . 

Consider now the Lagrangian 



L (g, <i,r) = ^ (g, C {t)-' q) - (g, C {ry' B (r) q) - ^ (g, A (r) q) , 

where A = A- B*C-^B. 

Consider now the real separable Hilbert space whose ele- 
ments are the continuous functions 7 : [0,t] — )■ M", 

7 (r) = - / 7 ((t) 



for 7 e ([0, t] ; W). The inner product (., .) in H is defined by 

(71,72)=/ (71 ('r),C(T)"^ 72 (T))ciT. 
^0 

One denotes (7,7) = ||7||^. 

To the Lagrangian L corresponds the action 

S (7) = ^* ^ (7 (r) , 7 (r) , r) + ^ (7 (0) , (0)) , 

where A^, as before, is a symmetric n x n matrix. 

The quadratic form 5 : — > R, defines a symmetric operator 

(71,>C72)= [\^l{T),C{T)-'^,{T))dT 

Jo 

- r (71 (T),C(T)-^B(r) 72 (r))dr 
Jo 

- f (72(r),C(r)-^S(T)7i(r))dT 

- / (71 (r) , A (r) 72 (r)) dr + (71 (0) , 7V72 (0)) , 
which has the following expression 

{C^){T)=^{r)+ B{a)^{a)da 

- C{a)da B* {9) C {ey^ ^ {9) de 

- [ C(a)da [ A(e)-f{e)de+ [ C (a) daN-f (O) . 
Jt Jo Jt 

C is the sum of four symmetric operators. The first one is the 
identity. The second one, which involves 5, is a Hilbert-Schmidt 
operator. The third one, which involves A, is a trace class operator. 
The forth one, which involves N, is a finite rank operator. 

The eigenvalues A of £ are given by the equation 

(4.4) >C7 = A7, -fen, 77^0. 

Assume that A 7^ 1 and put £ = (1 - A)'~\ As || = (1 - A)"^ > 
0, we shall use e instead of A as a parameter, and (•)' = ^ (•). 



\e\ > {at + ht^) 



Then, one has 
(4.5) 

where a, 6 > (see [5j). 
Define 

Ai = eA+ {e^ - e) B*C-^B = eA + e^B*C-^B 
Bi = sB, Ci = C. 

Call Cs the operator C where one puts Ai, Bi, Ci and eN 
instead of A, B, C and A^. Notice that C = Ci. Then equation 
(14. 4p becomes 

£,7 = 0, 7 G 7^,7^0. 
This equation can be rewritten 

7 = 5i7 + /3 = -Ai7 - BII3, 

7(t) = 0, /3 (0) - £iV7 (0) = 0. 
Put Li = and 

T _ fin kfin 

^2 - [efN f-Hn + kefN\ ' 

where k is constant and f = f (e) ^ 0. 

Then $ = Li%L2 = $o^2- Put $11 = Qe,2, ^12 = Qe,i and so 
on. Hence, (5e,2 = / {Qc + sQsN) and Q2 = f~^Qi,2- 

Then [L'^L^^)^^ = 0, and if / + 2f'e = 0, 



'21 



Now, one computes G4: 

B e-^C 



0. 



M'q + MoL'^L^^ - L'^L^^Mo 
Denoting 

$0 (r) $0 ^ 



~eB*C-^B 



-B* 



X Z 
W Y 



one has 



C2 = [ {XC - eZB*) (CX* - sBZ*) da. 
Jo 

Then eC2 > for r > 0. 

From this, from fl4.5p and from Theorem 12. H one can easily state 
the following theorem, whose complete proof can be seen in detail 
in [5]. 



Theorem 4.1. Let A (t) be an eigenvalue of the operator 
C{t). Then, there are three possibihties: 1) X{t) = 1; 2) (and 
3)) X{t) > 1 (X(t) < 1); in this case there exists a to > and 
a continuous function A(r), for r € [to,t], such that A (r) is an 
eigenvalue of the operator C (r) and A (to) = 1; moreover, A (r) is 
^1 in ]to, t] with A (r) > fA (r) < j. 

The eigenvalues of C {t) which are different from 1 can be orga- 
nized in 2n sets; n for those > 1, n for those < 1. Some of these sets 
may be empty. In each set, the eigenvalues have a natural order: 
Ao (t) > Ai (r) >•■■> 1, or Aq (r) < Ai (r) < ■ ■ ■ < 1, for every t. 
In particular, the eigenspace of X ^ 1 has at most dimension n. 

Let Q2 = Qc + QsN, be a solution of the system f ll.ip . Then, 
Q2 (t) is invertible if and only if C {t) is invertible and the number 
of the negative eigenvalues of C (its Morse index) is fi, as defined 
by iJD. 

4.2. Example. 

Let Ao = {I- fi)A3 + fiA^, Bq = {1 - ^i)B^i + ^iB^, Co = (1 - 
/^)C'3 + /iC'4. Assume that ^3, ^4, B^, B^, C3, C4, Li and L2 are 
//-independent and that Li and L2 are symplectic. We shall use // 
instead of A as a parameter, and (■)' = ^(O- Then 



S' 



'^4 


-A3 


B, 


-B3 




'A 


B 


Bl 


-B* 


C4 


-Cs_ 




B* 


C 



If 



X(r,(T) 


Z{r,a) 




'X 


z 


W{t, 0) 


r(r,a) 




w 


Y 



L^^o{r)%\cy) 



then 



Co 



(XC((t)X* + ZA{o)Z* - XB{a)Z* - ZB*{a)X*) da. 



Hence, if JS'qJ < 0, (p{T, /ii) < (^{t, ^2) for /ti < ^2 and we have 
proved the following theorem: 

Theorem 4.2. If JS'qJ < (JS'qJ > 0), (r, /i) is an increas- 
ing (decreasing) function of fi for every t. Moreover, if, for every 
T, there exists a < t such that (JS'qJ) (a) < (JS'qJ > 0), then 
ip (r, /i) is a strictly increasing (decreasing) function of 11 for every 
r > 0. 



Notice that if Li and L2 are antisymplectic one has to reverse 
the inequahties involving JSqJ in this theorem. 



5. Second remarkable case 

Let us take 
where 

$o = Mo$o, Mo = -JSo. 

Li and L2 are both symplectic or both antisymplectic and eigen- 
value dependent: Li = Li (A), L2 = L2 (A). As before, $, ^q, Mq 
and 5*0 are both time and eigenvalue dependent: $ = $ (r) = 
$ (r, A), $0 = $0 (r) = $0 (r, A), Mq = Mq (t) = Mq (t, A), >So = 
5*0 (r) = (So (r, A) and so on. 

= ^L^^M*L2^-\ 

Notice that ($^'$0"^)* = is K = K{t,X), as defined in 

this section when we replace $ by $o- In this situation, ^^0 = 
and Ml is Mq. 

K = K{t)^ f %'{a)M;,{a)%{a)da. 
Jo 

Then 

M2 (r) = L[L-' + Lr%L'^L-^%-^L-^ 

+ Li {a) M*' (a) (a) da^ 

M2 (r) = L[L1^ + $L^^L'2$-^ 

+ Li (^^^ (<7) M*' {a) {a) da^ 

Theorem 5.1. Let (^2)22 = 0, det((L2)i2) ^ 0, g2(r) = 
r(r)cos99(r) and Qi (t) = r(r) sin (^(r). Dciiote 991 (r ),..., (^nl^) 
the eigenvalues of (p{t). Then, if Cq > (Cq < 0) and sm(pj{To) — 
0, then (pj{T) is decreasing (increasing) in a neighborhood of tq. 



Proof. Denote 

C3 = — (-^2)l2C'o(-^2)l2, 

B3 = — (i^2)l2C'o(-^2)ll + (-Z^2)l2-So(-^^2)21, 
A3 = — (i^2)llCo(L2)ll — (L2)2i^o(-^2)21 
+ (-^2 ) 11 -Bo (-^^2) 21 + (-^2)21-So(-^2)ll- 

Then 

Ci = Q2C3QI — Q2B3QI — QiBlQ*2 + QiA-iQl. 

Let U = U{t) aC^ orthogonal matrix defined in a neighborhood 
of Tq and $ = U*ipU. Then, as, for k > 1, 

Cl^if = u{-c't\u*u)+c1^)u*, 

from formula (II. 6p . one has 



sinC$ 



$ - (sinC$)(f/*f7) = U*r-^Cir*-^U. 



One can choose U such that $(ro) is diagonal and $ = diag($i, 
$2), with sin$i(ro) 7^ 0, sin$2(T"o) = 0. 
Then, one obtains: 



sinC, 



=$2, ((sinC$)(f/*{7))2jro) = 0, 

/ 22 



and 

U*r-^Cir*-^U = cos ^f/Cgt/* cos $ - cos ^UB^U* sin $ 

- sin ^t/^at/* cos $ + sin ^t/Agf/* sin $. 

Hence 

(t/*r-^Cir*-^f/)22 (to) = (cos$t/C3t/*cos$)22 (ro) < 0. 

and 

$2 (tq) = (cos $t/C3f/* COS <l')22 (tq) < 0. 

Then $2 (t) < in a neighborhood of tq and the theorem fol- 
lows. □ 

Similarly one can prove the following theorem: 

Theorem 5.2. Let (L2)2i = 0, det((L2)ii) ^ 0, Q2{t) = 
r(r)cosv9(r) and (5i(t) = r(r) sin (^(r). Denote (y9i(r), y9„(r) 
the eigenvalues of (p{t). Then, if Cq > (Cq < 0) and cosipj^tq) = 
0, then ifjir) is decreasing (increasing) in a neighborhood of tq. 



5.1. Example. 

Let Aq = {l-ii)A-i + ^Ai, Bo = {1 - fj)B3 + fjB^, Co = (l-/i)C3 + 
fiC^. Assume that A3, A4, B-^, B4, C3 and C4 are /i- independent. 
We shall use /j, instead of A as a parameter, and (■)' = ^(O- Then 



'A, 


-As 


B4 


-B, 




'A 
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Bl 


-Bl 


C4 


-Ca 




B* 


C 



Define 



















with (aoao + /^o/^o) 


-1/2 ^ 


= In, o:o/3q 



[1 - 1^)63 + 1^64 



-In 





■X(r) 


Z{t) 




'X 


z 


W{t) 


Y{t)_ 




w 


Y 



/^Otto) ^3 = ^3 ^4 = 



If 



then 

(5.1) C2 = gi(54-53)gt 

(ZC((t)Z* + XA{a)X* + X5*(ct)Z* + ZB{a)X*) da. 



f 

Jo 



Hence, if jS'q < and S4 — S3 > 0, ip{T, /ii) < (fi{T, 112) for A*i < A*2 
and we have proved the following theorem: 

Theorem 5.3. If S'q < and 54 — 53 > 0, ^p{r,ijL) is an 
increasing function of /i for every r. Moreover, if S4 — ^3 > or, for 
every r, there exists a < t such that (S'o)(o') < 0, then ip{T, /i) is a 
strictly increasing function of /j, for every r > 0. 

5.2. Example: the Sturm-Liouville problem. 

Consider the Sturm-Liouville equation 

(5.2) {Co'q)' + {-D + XE)q = 0, 

subject to the separated end conditions 

I3oq{0) + ao {CoH) (0) = 

5ig(i)+7i {Co'q) {t)^0. 

In this case Aq = —D + XE, Bq = 0; Co, D and E are r 
dependent and A independent; Co,E > 0. The matrices oq, (Sq, 71, 
61 are A independent. In this case /3i = ai = 5o = 7o = OOne also 
has 

OloPo = ^0^0' 7l<^]L = Sill- 



(5.3) 



Assume also that ao^o + PoPo > 0' det7i 7^ 0. It is clear 
that one can replace Si by 7f = 5 (a symmetric matrix) and 71 



by /„. One can also replace ao by {a^aQ + /Sq/^o) ^-nd (3q by 

(ttotto + /^o/Sq) /^o and have aoao + Z^o/^o = shall assume 

from now on. Then condition (11. 7p is 



det 
Defining 









0" 




'Qc{t) Qs{t) 


( 







6 In_ 




Pc{t) Ps{t) 



0. 



Q2 

Qi 



{aoQ:-(3oQ:)S + aoP:-PoP:, 
-oqQI + f3oQl, 



one has that condition (ll.7p is det Q2 (t) = 0. 
From now on we shall use the notation 

Qi = rij, A) sinv9(r, A), Q2 = rij, A) cos(p(r, A). 

Notice that the continuity condition on (r, A) implies that 
A (— )■ (y9 (0, A) is constant. 

We define $ = Li<l>oL2, $ as in formula (II. 2p and 



f3o ao 



6 
L 



-In 





Then, if 



we have 
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X{r) = aoQl{T)-Ws{r) 
Z{r) = aoP:{T)~PoP:{T) 
-ZCoZ* - XAqX* 
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'X Z 
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Jo 


W Y 









-W* X* 



da 



(5.4) 



X{a)E{a)X*{a) da. 



We remark that C2 < 0, for r G ]0, t]. 



Lemma 5.4. Consider the simpler case where Co = cin, D = 
din, E = ein, S = 9In with c,d,e,9 G M, c, e > 0. Then, there 
exists a symmetric matrix ip~ such that, for every r G ]0, t], 

lim ip{T, \) = —CO, lim ip^r, X) = ip~ , 

A— >+oo A— >~oo 

where taiKf^ = 0. Moreover, (f~ is constant for r G ]0,t]. 

Proof. Consider first A > d/e. Define u = ^yc{—d + Ae). Then 
Q2 = d ((coswr) ao — cuj~'^ (sinwr) /3o) 
— (coswr) (3q — c~^ijj (sinwr) a^, 
Qi = — (coswr) ao + cuj'^ (sin cur) Pq. 
Defining ip and p, det p 7^ 0, such that 

ao = pcosip, cuj~^/3o = psinip, 

one has 

Q2 = p{6cos{ujTln + ^) - c^^cu sin(c<;r/„ + ip)), 

Ql = —pCOs{ljJTln + i'). 

Then Qi^Q2 = —0 + coj^^ tan((X'r/„ + ip), for every r such that 
det cos(ci;r/„ + ip) ^ 0. 
Hence 

Ql = pp sin ({-6, cuj~^,uTln + ifj), 

Q2 = PP cos ({-6, CUJ~^,UJTln + 

with ( defined by (II. 5p and 

P = \j COS^{ujTln + Ip) + {9 COs{ujTln + Ip) — C~^CO Sm{uJTln + "ip))^ ■ 

As Ql = r sin ^p, Q2 = ^ cos (p, one has 

r = pp, if = C{-0,cu^^,ujTln + ip). 

As 

hm C(— 6*, cu;^\ cr) = —00, 

the first part of the lemma follows. 

Consider now the case A < d/e. Define uj = \/ c{d — Ae). Then 

Q2 = 9 [{cosh lot) ao — cu;~"'^(sinh wr) (3o) 
— (cosh cur) (3o + c'^co^smhtur) ao, 
Ql = — (coshwr) ao + cc<;~"'^(sinh wr) /3o- 



Defining rj and g, det g 0, such that 

ao = gcosT], (3o = gsinr], 

Then 

— cosr] + ao'~^(tanha;r) sin?7 
(6 + c^i(jj(tanha;r) j cos 77 — (^cx<;~^(tanha;r) + Ij sin// 

Hence, for every r G ]0,t], there exists a A* such that, for A < A^,, 
||<52^Qi|| < (- 1^1 + c"^w(tanhwr))"^ , 

and 

hm llQa^Qill = 

A— ^—00 

For > 0, this convergence is uniform in [r*,t]. From this, the 
last part of the lemma follows. □ 

Theorem 5.5. Consider the general case for Cq, D, E and 5. 

Then, for every r G ]0, t], 

lim (y9 (r. A) = — 00, lim tany? (r. A) = 0, 

A— >+oo A— 00 

and if (r. A) is a strictly decreasing function of X. 

Moreover, the eigenvalues of ip (r. A) converge to constant func- 
tions on ]0,t], as A — 7- —00. 

Proof. As C2, defined by formula (15. 4p . is < 0, (r. A) is a 
strictly decreasing function of A, for every r G ]0,t]. 

For A > 0, choose 9 > \\6\\, d > D, < e < E, < c < Co, with 
9,d, e,c G M. 

We use now Theorem 15.31 Put ^3 = 6, 64^ = 9In, A3 = —D + XE, 

Ai = {-d + Ae) In, C3 = Co, C4 = Cln- 

Then, from Theorem 15. 3[ one concludes that 

(f (r, X)=(p (r, X,0) <(p (r. A, 1) , 

and the first formula of the theorem is proved. 

For A < 0, choose 9 > d > D, e > E, < c < Cq, with 
9,d, e,c G M. 

We use again Theorem 15.31 Put ^3 = 6, 64 = 9In, A3 = —D + 
XE, Ai = {-d + Ae) In, C3 = Co, C4 = cln- 

Then, from Theorem 15. 3[ one concludes that 

V9i (r, X,0)=(p (r, X)=(p (r, X,0) < (p (r. A, 1) = ifi (r. A, 1) , 

the eigenvalues of (p (r. A) are bounded as A — )■ —00. 



For A < 0, choose 6 > \\6\\, d < D, < e < E, c > Cq, with 
e,d, e,c G M. 

We use once more Theorem 15.31 Put = 5, ^4 = —9 In, A3 = 
-D + XE, = {-d + Ae)/„, C3 = Cq, C4 = cln- 
Then, from Theorem 15.3^ one concludes that 

V92(r, A, 0) = V2(r, A) = ip^r, A, 0) > ^^(r, A, 1) = V22(r, A, 1). 

Choose A* the minimum of the A < such that det cos yji (r, A, ^) 
= or det cos<y9i(r, A, /i) = 0, with /i G [0, 1]. It is clear that there 
exists such a A*, as ipi and are bounded near A = —00. Then, for 
A < A* and /i G [0, 1], det cos v5i(t. A, /x) 7^ 0, det cos v52(t, A, /i) 7^ 0. 
Hence, det Q2{t, A, /i) 7^ in both cases. 

As, from and (EI]), ^Q2^Qi > in the first case and < 
in the second one, one obtains that, for A < A*, 

tan(y92(T, A, 1) < Q2^Qi < tan(y9i(r. A, 1). 

Therefore 

llQ^^Qill < max{||tanv3i(r. A, 1)11 , ||tanv92(r. A, 1)||} . 
From Theorem 15. 3[ one concludes that 

lim llQa^Qill = 0- 

A— >— 00 

Then, for r > 0, 

lim tany9i(r. A, /i) = and lim tan(/92(T, A, /i) = 0. 

A— >— 00 A— 00 

As limA-^-00 '^li'T, A, 1) and limA-i>-oo '^2{'T, A, 1) are constant in ]0, t], 
and the eigenvalues of these limit functions are integer multiple of 
TT, the continuity of the functions ipi and ip2 implies the last part 
of the theorem. □ 

Finally we have the following theorem: 

Theorem 5.6. For the Sturm-LiouviUe equation i \5.2\} . sub- 
ject to conditions i \5.3h . there are an infinite number of eigenval- 
ues Xj o < Xj^i < Xj^2 < ■ ■ ■ < Xj^k < ■ ■ ■ , j = I5 2, . . . , n, with 
limfc^oo Aj,fc = +00. 

The eigenfunctions can be described as follows. There exists a 
matrix function Qi{t, A) = r(r. A) sin(/?(r. A), such that det r(r. A) 
7^ and (f{T, A) is symmetric. The matrix functions r and (f 
are continuous. Consider the if eigenvalues ipj{T,X) and eigen- 
vectors ej{t,Xj^k)- Then the eigenfunction corresponding to Xj^k 1^ 
Qi{t, Xj^k)Gj{t, Xj^k) SLnd siny9j(r, Xj^k) has exactly k zeros on ]0,t[. 



Proof. Consider y9(r, A) and its eigenvalues ipj{T,X), j = 1,2, 
...,n. Then, from Theorem 15. 5[ ipj{T,X) is strictly decreasing in 
A, lim^-^+oo V^jl^, A) = — oo, and there exists Ij G Z, such that 
\imx-,-oo'^j{T, A) = Ijii, for r G ]0,t]. 

From Theorem l5.lt whenever (Pj{Ti, A) = Itt, for some r/ G ]0,t[, 
then V5j(T, A) is a decreasing function of r in a neighborhood of r/. 
Then, 93j(r, A) < In for t > ti and V5j(T, A) > /tt for r < ti. 

Clearly there exists a Xj f^ such that V5j(t, Xj i^) = (Ij — k — ^) it, 
for fc = 0,1,2,.... 

For > 0, there exists A* such that (/9j(r*,A*) = {Ij — 1)71. 
Hence, for r < r^,, (y9j(r*,A*) > {Ij — 1) tt. Therefore y9j(0, A^,) > 
(Zj — 1) TT. As A I—)- (pj{0,X) is constant, it follows that ipj{0,X) > 
{Ij — 1) TT for every A. 

Define r^, m = 1, 2, . . . , fc, ipj{Tm, Xj^k) = {^j — m) tt. The points 
Tm are the unique points where siny9j(r, Xj^k) = for r G ]0,t]. □ 
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Appendix A. 

Proposition A.l. Let n = 1. Lq + Li^L2 is symplectic for ev- 
ery symplectic matrix $ is equivalent to (det Lq) + (det Li) (det L2) 
= 1 and L\JLqJLI = 0. 

If Lq + Li^L2 is symplectic for every symplectic matrix $, one 
of the following situations happens 

a) Lq is symplectic and det Li = detL2 = 0, with Li 7^ and 

12 7^0. 



b) Lq is symplectic and Li — or L2 — 0. 

c) Lo — and det Li det L2 — 1. 

Proof. 

{Lo + u<i>L2)J{Li + l;<^*li) 

= LoJLl + LoJLl^*L\ + Li^L2JLl + L^^L2JLl^*L\ 

= (det Lo) J + Lo JL;$*Lt + Li$L2JL* + (det Li) (det L2) J = J. 

As this must be true for $ and — one has 

(detLo) + (detLi)(detL2) = 1, 
LoJL;^*LI + Li$L2 JL* = 0. 

Hence, Li$L2 JLq is symmetric, for every symplectic matrix 
As Li ($1 + $2)L2JLq is also symmetric for any two symplectic 
matrices, Li$L2JLq is symmetric even if $ is not symplectic. As 
Ki$i^2 is symmetric for every matrix $ if and only if K2JK1 = 0, 
one easily concludes that L^JL^JL^ — 0. The proposition follows 
now without problems. □ 

Let n = 1 and /ii, /12, /21, /22 : M"^ ^ M four affine functions. 
Then, if 

r/ll($ll:$12,$21,$22) /l2($ll,$12,$21,$22)" 

[/2l($ll, $12, $21, $22) /22($11, $12, $21, $22)_ 

is symplectic for every symplectic matrix one has that L is one 
of the forms 

L = Lo + Li$L2, L = Lo + Li$*L2. 

This can be proved by an explicit, and tedious, computation. 

Notice that, following the proposition Lq is either or sym- 
plectic. If Lo = 0, then Li and L2 can be chosen such that 
|detLi| = |detL2| = 1, (det Li)(det L2) — 1. In this case they 
are either both symplectic or both antisymplectic. 

In our problem $n = Qc{t) = Ql{t), $12 = Qs{t) = Ql{t), 
$21 = Pc{t) = P:{t), $22 = Ps{t) = P;(t). Hence 



/ll($ll, $12, $21, $22) ^Xo + Xi^u + X2^12 + X3^21 + X4^22 



where 



Xo 


= R{/3oai 


- ao/5i + 5o7i - lo^i) 


Xi 


— R{ao6i 


- ^0"l) 


X2 


= RWi 


- Ml) 


X3 


= -R(ao7i 


- 7otti) 


X4^ 


= i?(7o/3i 


- /3o7i) 



where R = RqRi is a real eigenvalue dependent parameter, R ^ 0. 

Notice that xix^ — X2X3 — i?^(5i7o — 5o7i)(/5iQ;o — c^iPo)- As 
Xo — 2R{f3oOii — aoPi) — 2i?(5o7i — 70(^1), one has that 

X1X4 — X2XS — 4"^Xq. 

Let Lq = I2, the 2x2 unit matrix. Then L can be of the 
following three forms: 

a) /ii = 1, /22 = 1, /12 = 0; 

b) /ii = 1, /22 = 1, /21 = 0; 

c) there exists an k 7^ such that /22 — 1 = ~{fii ~ 1); /12 = 

«(/ll-l), /l2 = -«-'(/ll-l). 

The case where Lq is symplectic but 7^ I2 is easily derived from 
this one. 

Let now Lq = 0. Then xq = and X1X4 — X2X3 = 0. 
There are five possible situations: a) xi 7^ 0, b) xi — Q,X4 
0,xs — 0, c) xi = 0,^4 7^ 0,^2 = 0, d) xi — 0,X4 — 0,X2 — 0, e) 

Xi = 0. .r 1 — 0. .7,3 = 0. 





a) 


b) 


c) 


d) 


e) 


(^l)ll 


a 


ax2xj^ 








a 


(^1)12 


axsx^^ 


a 


a 


a 





(^1)21 


b 


+ hX2Xl^ 






b 


(-^1)22 




b 


b 


b 




(1^2)11 


a~^x\ 





a~^xz 







(-^'2)12 


c 


—vax^^ 


—uax^^ 
+ cx^x^^ 


c 


—vax2^ 












(-^2)21 


a~^X2 


a~^X4 


a~^X4 





a~'^X2 


(-^2)22 


vaxi^ + 0x2X1^ 


c 


c 


1/0X3 ^ 


c 



where a, b and c are real eigenvalue dependent parameters, 
0, and u = ±1; 1/ — 1 in the symplectic case, u — —1 in 
antisymplectic case. 



